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Abstract: We construct the most general, to cubic order in curvature, theory of gravity
whose (most general) static spherically symmetric vacuum solutions are fully described by
a single field equation. The theory possess the following remarkable properties: i) it has a
well-defined Einstein gravity limit ii) it admits ‘Schwarzschild-like’ solutions characterized
by a single metric function iii) on maximally symmetric backgrounds it propagates the same
degrees of freedom as Einstein’s gravity iv) Lovelock and quasi-topological gravities, as well
as the recently developed Einsteinian cubic gravity ArXiv:1607.06463 in four dimensions,
are recovered as special cases. We perform a brief analysis of asymptotically flat black
holes in this theory and study their thermodynamics.
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1 Introduction
Higher derivative models of gravity are ubiquitous in high energy physics. It was realized
more than forty years ago that the inclusion of quadratic terms in the gravitational action
can lead to a power counting renormalizable theory of gravity [1]. Higher order interactions
are generically expected to appear in the low energy effective action of whichever theory
provides the UV completion to General Relativity. The types of interactions generated
depends on the model considered: the Gauss-Bonnet term, which falls into the Lovelock
class [2], appears in the low energy limit of the heterotic superstring [3], while various
curvature cubed terms appear in the α′2 corrections to the bosonic string [4].
Higher curvature gravity has also played a prominent roˆle in holography. For example,
holography has been used to impose physical bounds on the couplings of various higher
curvature theories by imposing consistency of the dual CFT (e.g. causality) [5–8]. The
inclusion of quadratic terms has been shown to lead to violations of the Kovtun–Son–
Starinets (KSS) viscosity/entropy ratio bound [9, 10]. Holography has even motivated the
construction of new higher curvature gravities, such as quasi-topological gravity [11–16].
Quasi-topological gravity is an intriguing theory since, when evaluated on spherically
symmetric backgrounds, the field equations (which on generic backgrounds are fourth or-
der) reduce to second order differential equations and admit exact solutions of a form
very similar to Lovelock gravity. However, for a given order in the curvature, the quasi-
topological term is gravitationally active in dimensions smaller than is the case for the
corresponding Lovelock term. For example, the cubic quasi-topological term acts non-
trivially in five and higher dimensions, as opposed to seven and higher dimensions for
cubic Lovelock gravity. A further interesting feature of quasi-topological gravity is that
on maximally symmetric backgrounds the linearized equations of motion coincide with
the linearized Einstein equations up to an overall prefactor. The advantages of this are
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twofold. First, it avoids a feature that makes many higher curvature theories physically
unpalatable: propagating, on the vacuum, extra degrees of freedom beyond those present
in Einstein gravity, some of which carry negative kinetic energy—ghosts—which is equiv-
alent to a breakdown of unitarity in the quantum theory [17]. Second, since the structure
of the graviton propagator is the same as that in Einstein gravity, holographic studies of
the theory are significantly simplified [14, 18].
Recently, a new cubic curvature interaction—named Einsteinian cubic gravity—has
been found which, like the Lovelock theory, matches the Einstein equations at the lin-
ear level and has the coefficients appearing in the action ‘independent of dimension’ [19].
Contrary to the cubic Lovelock or quasi-topological terms, this new term is non-trivial in
four-dimensions. Studies of black holes of the theory [20, 21] revealed that, in four dimen-
sions, the theory admits static spherically symmetric (SSS) solutions, in vacuum (VSSS)
or in the presence of suitable matter (e.g. a Maxwell field), of the form
ds2 = −N2fdt2 + dr
2
f
+ r2dΣ2(d−2),k , (1.1)
with N = const., i.e., the solution is characterized in terms of a single metric function f .
(Henceforth we normalize N to unity, setting N = 1. This can be achieved without loss of
generality by reparametrizing the time coordinate t.) Here dΣ2(d−2),k is the line element on
a surface of constant scalar curvature k = +1, 0,−1 corresponding to spherical, flat, and
hyperbolic topologies. As remarked in [21], Einsteinian cubic gravity in d = 4 dimensions is
the most general theory (up to cubic order) which admits a Schwarzschild-like solution, that
is, a SSS solution characterized by a single metric function in vacuum or in the presence
of suitable matter. However, this is no longer true in higher dimensions where the choice
N = 1 leads to inconsistent field equations [20].
It is then natural to ask, what is the most general theory of gravity in d > 4 dimensions
for which the most general VSSS takes the form (1.1) with N = 1. This is certainly true for
the Lovelock and quasi-topological gravities to all orders and in any number of dimensions.
However, as we shall see, this is not the end of the story.
The aim of this paper is to answer the above question to cubic order in curvature. In
fact, we impose a slightly stronger condition, and ask the following: “What is the most
general cubic theory for which the VSSS is fully characterized by a single field equation?”
This condition requires that the time and radial components of the field equations for the
ansatz (1.1) are equal,
E tt = Err . (1.2)
The equality is required up to terms that vanish upon setting N = 1 and should be valid
off-shell, that is, for any function f in (1.1).
We will show that the most general d-dimensional theory (up to and including cubic
order in curvature) obeying (1.2) is given by
I = 1
16piG
∫
ddx
√−g[−2Λ +R+ αX4 + βX6 + µZd − λSd] . (1.3)
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Here, Λ is the cosmological constant and α, β, µ, λ are arbitrary coupling constants. R
stands for the Ricci scalar and X4 and X6 are the four- and six-dimensional Euler densities,
X4 = −1
4
δa1b1a2b2c1d1c2d2Ra1b1
c1d1Ra2b2
c2d2 ,
X6 = −1
8
δa1b1a2b2a3b3c1d1c2d2c3d3Ra1b1
c1d1Ra2b2
c2d2Ra3b3
c3d3 , (1.4)
where δa1b1...akbkc1d1...ckdk are the generalized Kronecker delta functions, totally antisymmetric in
both sets of indices, and R ckdkakbk is the Riemann tensor
1. Zd is the cubic quasi-topological
term given by (2.9) below, and Sd is a hitherto unnoticed term whose explicit form reads
Sd = 14RaecfRabcdRbedf + 2RabRacdeRbcde − 4(66− 35d+ 2d
2)
3(d− 2)(2d− 1) Ra
cRabRbc
−2(−30 + 9d+ 4d
2)
(d− 2)(2d− 1) R
abRcdRacbd − (38− 29d+ 4d
2)
4(d− 2)(2d− 1)RRabcdR
abcd
+
(34− 21d+ 4d2)
(d− 2)(2d− 1) RabR
abR− (30− 13d+ 4d
2)
12(d− 2)(2d− 1)R
3 . (1.5)
The new theory (1.3) possesses a number of remarkable properties.
i) Upon setting the couplings α, β, µ and λ to zero, one recovers Einstein gravity with a
cosmological constant.
ii) In any number of dimensions, the theory (1.3) admits the ‘Schwarzschild-like’ VSSS
solutions (given by (1.1) with N = 1) characterized by a single metric function. This is
also true in the presence of suitable matter. In particular, in four dimensions the new
term Sd reduces to Einsteinian cubic gravity term plus an additional term which van-
ishes on a VSSS ansatz (1.1). This confirms the claim made in [21] that the Einsteinian
cubic gravity is the most general four-dimensional theory with this property.
iii) On a maximally symmetric background, the action (1.3) leads to a theory whose
linearized equations coincide with the linearized Einstein equations, which means that
(on these backgrounds) the theory propagates the same degrees of freedom as Einstein’s
gravity.
iv) The single non-linear vacuum field equation for the SSS (1.1) is of third-order for f
and takes a form of a total derivative, effectively reducing to a second order differential
equation upon a trivial integration in vacuum or in the presence of suitable matter.
For vanishing λ we obtain second-order differential equations only.
In some sense the preceding statement is equivalent to the statement that we seek
the most general cubic curvature theory with a well defined Einstein limit admitting a
VSSS solution with N = 1. However before moving on to the construction we add some
qualification to the statement most general theory. We are considering additional higher
curvature terms supplementing the Einstein-Hilbert action in a manner such that these
1Note that we are using the opposite sign of the normalization used in [13] for the Euler densities.
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terms can be “turned off” by a suitable adjustment of parameters in the action. Our
conditions are the same as those mentioned in [21]:
1. The solution is not an ‘embedding’ of an Einstein gravity black hole into a higher
order gravity [22–24]. That is, the solution must be modified by the addition of the
higher curvature terms.
2. The solution is not of a pure higher order gravity, but includes the Einstein-Hilbert
term. For example, pure Weyl-squared gravity allows for four dimensional solutions
with N = 1 [22, 25–27].
3. Further, the theory must admit an Einstein-Gravity limit, i.e. reduce to the Einstein-
Hilbert action upon setting some of the parameters in the action to zero. This ex-
cludes certain theories that tune the couplings between the various orders of curvature
terms [28, 29].
The remainder of the paper is organized as follows. We first present the construction
of the theory and study its linearization on a maximally symmetric background. We then
move on to presenting the non-linear field equations and study their asymptotically flat
black hole solutions.
2 Construction of the theory
We seek a higher curvature theory which for a SSS ansatz (1.1) yields a single field equation,
that is (1.2) is required, up terms that vanish upon setting N = 1, for any function f . Up
to quadratic order, the answer is simple: the most general theory of this nature is Einstein
gravity supplemented by the Gauss-Bonnet term.
Considering next cubic interactions, there are twelve non-vanishing cubic densities.
However, relationships between these reduce the total number to ten when a total derivative
is discarded [13]. Thus we employ the following basis of the ten cubic densities:
L1 = RacbdRcedfReaf b , L2 = RabcdRcdefRef ab , L3 = RabcdRabceRde ,
L4 = RabcdRabcdR , L5 = RabcdRacRbd , L6 = RabRbcRca ,
L7 = RabRbaR , L8 = R3 , L9 = ∇aRbc∇aRbc , L10 = ∇aR∇aR . (2.1)
With these terms, we write the action for the theory as
I = 1
16piG
∫
ddx
√−g
(
R− 2Λ +
∑
i
ciLi
)
, (2.2)
where ci are constants to be constrained by the condition (1.2), for the generalized Einstein
tensor
Eab = 1√−g
δI
δgab
. (2.3)
Let us now sketch out the procedure schematically. There are two methods by which
one may arrive at the theory of interest. The first involves computing the field equations
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of the theory. The relationship between the tt and rr field equations can be written in the
following (schematic) form:
E tt = Err + E0(f, f ′, . . . ) +NE1(f, f ′, . . . ) +N ′E2(f, f ′, . . . ) +N ′′E3(f, f ′, . . . ) + · · · (2.4)
where the ‘+ · · · ’ indicate terms which may contain higher derivatives or different powers of
N . Condition (1.2) with N = 1 will be satisfied provided the terms that are not multiplied
by a derivative of N , E0 and E1, vanish for any f . This leads to a set of algebraic equations
for the ci’s which can be solved to yield the relevant theory.
The second method makes use of the Weyl method [30, 31]: substituting the metric
ansatz (1.1) directly into the action and varying with respect to N and f to obtain the field
equations. From this perspective, the theory will admit a solution with N = 1 provided
that upon repeated integration by parts, the action can be put into the form
I = 1
16piG
∫
drN(r)F ′ + { · · · } (2.5)
where we have suppressed the angular part and the dots represent terms containing two or
more powers of derivatives of N—e.g. N ′2/N , N ′N ′′/N and so on—such terms cannot be
eliminated by further integration by parts. The crucial feature is that the term multiplying
N(r) is a total derivative and is a functional only of f and its derivatives. This guarantees
that performing a variation of this term with respect to f yields an expression containing
only derivatives of N , which can then be solved by setting N = 1. By demanding the
form of the action shown above, one can construct algebraic equations which constrain the
constants ci.
In what follows we will employ the first method and then cross-check it using the
second method. Let us first discuss the situation in d > 4 dimensions and then turn to the
(slightly different) four-dimensional case.
d > 4 dimensions
We find that only three couplings ci are independent; we choose these to be c1, c2 and c3,
while the others are constrained in the following way2:
c4 =
3d− 6
8(d− 2)(2d− 1)c1 +
6 + 6d− 3d2
2(d− 2)(2d− 1)c2 +
1 + 2d− d2
2(d− 2)(2d− 1)c3 ,
c5 =
6− 3 d
(d− 2) (2 d− 1)c1 +
−48 + 36 d− 12 d2
(d− 2) (2 d− 1) c2 +−
4(3− 3 d+ d2)
(d− 2) (2 d− 1)c3 ,
c6 =
4
2d− 1c1 +
8(8− 5 d)
(d− 2) (2 d− 1)c2 +
2(18− 7 d− 2 d2)
3 (d− 2) (2 d− 1)c3 ,
c7 =
6− 3 d
2 (d− 2) (2 d− 1)c1 +
2(−12 + 6 d+ 3 d2)
(d− 2) (2 d− 1) c2 +
2(d2 − 2)
(d− 2) (2 d− 1)c3 ,
c8 =
1
8(2d− 1)c1 +
6− 6 d− d2
2 (d− 2) (2 d− 1)c2 −
(d− 1) (d+ 3)
6 (d− 2) (2 d− 1)c3 ,
c9 = 0 , c10 = 0 . (2.6)
2In practice, we evaluated the field equations explicitly using Mathematica for d = 5 to d = 9 and
inferred the dimension dependence from these results. We subsequently verified and cross-checked the result
using Maple up to d = 19 (see later discussion).
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Since there are three free parameters, {c1, c2, c3}, the resulting theory is a linear combina-
tion of three independent cubic densities. Since both the six-dimensional Euler density and
the quasi-topological terms possess this property, there must be choices for the constants
which produce these densities. We find that choosing
c1 = 8 , c2 = −4 , c3 = 24 , (2.7)
produces the six-dimensional Euler density, X6, (1.4), while choosing
c1 = 1 , c2 = 0 , c3 = − 3(d− 2)
(2d− 3)(d− 4) , (2.8)
produces the quasi-topological density
Zd = RabcdRbedfReaf c +
1
(2d− 3)(d− 4)
(3(3d− 8)
8
RabcdR
abcdR− 3(3d− 4)
2
Ra
cRc
aR
−3(d− 2)RacbdRacbeRde + 3dRacbdRabRcd + 6(d− 2)RacRcbRba + 3d
8
R3
)
. (2.9)
Note that the expression Z ′d from [13] can be obtained by choosing
c1 = 0 , c2 = 1 , c3 = −12(d
2 − 5d+ 5)
(2d− 3)(d− 4) . (2.10)
However, this term is not independent from the quasi-topological term and the six-dimensional
Euler density, but rather [13]
X6 = −4Z ′d + 8Zd , (2.11)
and so Z ′d is not the third invariant we are looking for.
Since there is an extra free parameter, we obtain an additional independent cubic
density which shares the property of permitting a solution with a single metric function.
We find that this term cannot be expressed as a linear combination of the five invariants
introduced in [12]; though this is not surprising since here the traced field equations are
of the fourth order rather than third. The new term could be obtained by setting c3 = 1
and c1 = c2 = 0, but as we will see shortly a more convenient choice (motivated by the
Einsteinian theory in four dimensions) is
c1 = 14 , c2 = 0 , c3 = 2 , (2.12)
which recovers Sd given by (1.5).
d = 4 dimensions
We now turn to the case of four dimensions. In four dimensions, demanding E tt = Err leads
to 4 independent couplings and hence to four possible invariants. Choosing {c1, c2, c3, c6},
the others are given by the following constraints:
c4 =
3c1 − 36c2 − 14c3
56
, c5 = −3c1 + 48c2 + 14c3
7
,
c7 =
6c1 + 96c2 + 14c3 − 21c6
28
, c8 =
−3c1 − 20c2 + 7c6
56
,
c9 = 0 , c10 = 0 . (2.13)
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We find that the choice
c1 = 8 , c2 = −4 , c3 = 24 , c6 = −16 . (2.14)
gives the six-dimensional Euler density, which vanishes identically in d < 6 due to the
Schouten identities. The remaining three interactions are given by the following convenient
choices of coefficients:
P : c1 = 12 , c2 = 1 , c3 = 0 , c6 = 8 .
C : c1 = 0 , c2 = 0 , c3 = 1 , c6 = 0 .
C′ : c1 = 0 , c2 = 0 , c3 = 0 , c6 = 1 . (2.15)
Here the various terms are given by the following cubic densities:
P = 12RacbeRcmenRmanb +RabceRcemnRmnab − 12RabcdRacRbe + 8RbaRcbRac ,
C = 12RabRbaR− 2RacRbdRabcd − 14RRabcdRabcd +RdeRabcdRabce ,
C′ = RabRbcRca − 34RabRbaR+ 18R3 . (2.16)
In the above, P is the recently discovered Einsteinian cubic term [19], while C and C′ are
two new terms, which when evaluated on a four-dimensional VSSS metric do not produce
any non-trivial contributions to the field equations. Thus it follows that Einsteinian cubic
gravity is the most general cubic theory which admits a single metric function spherical
solution.
Now the choice of coefficients used in defining Sd can be explained. The choices (2.12)
lead to the following relationship in four dimensions,
S4 − 1
4
X6 + 4C = P . (2.17)
Since X6 vanishes identically in four dimensions and C makes no contribution to the field
equations, we see that in four dimensions the theory given by the Lagrangian density Sd
(1.5) will yield the field equations that coincide with those for the Eisteinian cubic gravity.
Note that there is no choice of c1, c2 and c3 such that the theory reduces precisely to
Einsteinian cubic gravity in four dimensions.
3 Linearized field equations
Let us now turn to a discussion of the linearized theory. To study the implications of the
new term Sd, we temporarily switch off both Euler densities as well as the quasi-topological
term and consider the following action:
I = 1
16piG
∫
ddx
√−g
(
R− 2Λ− λSd
)
, (3.1)
where λ ≥ 0 is assumed in the following, and we parameterize the cosmological constant
as
Λ = −(d− 1)(d− 2)
2L2
. (3.2)
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To linearize the theory, let us first seek the appropriate ‘vacuum background’. It is
easy to verify that the Minkowski background provides a vacuum for the theory with Λ = 0.
Slightly more generally, considering a nontrivial Λ and imposing the maximal symmetry
condition
R
[0]
abcd = −
2β
L2
g
[0]
a[cg
[0]
d]b (3.3)
upon evaluating the field equations for this choice of background, we find the following
constraint:
0 = 1− β − λ
L4
(d− 3)(d− 6)(184− 514d+ 291d2 − 49d3 + 4d4)
12(d− 2)(2d− 1) β
3 , (3.4)
which determines β. This in turn is related to the effective cosmological constant of the
theory
Λeff = −(d− 1)(d− 2)β
2L2
. (3.5)
Due to the cubic character of this condition, the theory will generically have three
distinct vacua, with one having a smooth limit to the Einstein case as λ → 0. Note also
that for
λ
L4
=
−16(d− 2)(2d− 1)
9(d− 3)(d− 6)(184− 514d+ 291d2 − 49d3 + 4d4) , (3.6)
the equation reduces to
0 = 1− β + 4
27
β3 , (3.7)
which corresponds to a case with a single de Sitter vacuum and two AdS vacua that are
degenerate.
Next we consider a perturbation around the obtained maximally symmetric back-
grounds
gab = g
[0]
ab + hab . (3.8)
The linear equations of motion can be efficiently obtained using the method introduced
in [19, 32]—they are given by
ELab =
[
1 +
λ
L4
(d− 3)(d− 6)(184− 514d+ 291d2 − 49d3 + 4d4)
4(d− 2)(2d− 1) β
2
]
GLab , (3.9)
where GLab is the Einstein tensor linearized on the background (3.3):
GLab = −
1
2
[
∇e∇ehab +∇b∇ahcc − 2∇c∇(ahb)c + g[0]ab
(
∇d∇chcd −∇e∇ehcc
)
+
(d− 1)β
L2
g
[0]
abh
c
c − 2(d− 1)β
L2
hab
]
. (3.10)
We have cross-checked the results using Mathematica in various dimensions.
Note that the cubic contribution to the linearized field equations vanishes in six dimen-
sions, a feature that holds for any cubic density in six dimensions [19]. Had we retained
both Euler densities and the quasi-topological term, the linearized equations of motion
would still match the Einstein equations, but the overall constant would differ.
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The remarkable fact that the linearized equations of motion coincide with the linearized
Einstein equations indicates that the massive and scalar modes are suppressed (i.e. they
are infinitely heavy) and the theory propagates the same transverse massless graviton as
Einstein’s gravity. This result suggests that it is a necessary condition that the linearized
field equations coincide with linearized Einstein gravity in order for a single metric function
to be possible under spherical symmetry, and we may elevate this to the level of the following
Conjecture: If a geometric theory of gravity satisfies Eq. (1.2) for a VSSS ansatz then the
linearized field equations of this theory will coincide with the linearized Einstein equations
up to an overall constant multiple.
Note that this condition is not sufficient, as there are theories that are equivalent to
Einstein’s gravity at the linear level but do not admit single metric function VSSS: for
example, Einsteinian cubic gravity in dimensions other than four [20, 21]. One way to see
that this is not a sufficient condition is to note that imposing the absence of the massive
graviton and scalar modes leads to two constraint equations on the ci, however we found
that (in d ≥ 5) there are in fact five constraint equations imposed by demanding E tt = Err .
The physical origin of the remaining three constraint equations is not clear. It would be
an interesting line of study to determine if this result extends to higher order gravities, or,
if not, determining why the cubic case is special.
To summarize this section, our results indicate that on a maximally symmetric back-
ground the graviton propagator for our theory will be given by the standard Einstein gravity
result, up to an overall constant. This fact should significantly simplify holographic studies
of the theory.
4 Black hole solutions
We complete this work with a brief study of the vacuum field equations and their asymp-
totically flat black hole solutions. A more detailed account will be presented elsewhere [33].
Here we will concern ourselves with only the spherically symmetric solutions; the full field
equations, valid for any metric, are presented in the appendix.
To obtain the explicit field equations under spherical symmetry it is simplest to employ
the Weyl method described above: substituting the metric ansatz (1.1) directly into the
action and varying with respect to N and f to obtain the field equations. From this
perspective, the theory will admit a solution with N = 1 provided that by repeatedly
integrating by parts the action can be put into the form (2.5), which ensures that performing
a variation with respect to f yields an expression containing only derivatives of N , which
can then be solved by setting N = 1. A remarkable feature of any such theory is that,
since the term multiplying N is a total derivative, the field equations (in vacuum or in the
presence of suitable matter) will be of reduced order since they can be easily integrated
once.
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For the VSSS spacetime with N = 1 the single field equation reads F ′ = 0 , where
F = (d− 2)rd−3
(
k − f + r
2
L2
)
− λk2686
13
δd,7 − λ d− 3
2d− 1
[
(d2 + 5d− 15)
(4
3
rd−4f ′3
−8rd−5ff ′′(rf ′
2
+ k − f)− 2rd−5((d− 4)f − 2k)f ′2 + 8(d− 5)rd−6ff ′(f − k))
−1
3
(d− 4)rd−7(k − f)2
((−d4 + 57
4
d3 − 261
4
d2 + 312d− 489)f
+k
(
129− 192d+ 357
4
d2 − 57
4
d3 + d4
))]
. (4.1)
By integrating this field equation we obtain
F = (d− 2)C , (4.2)
where C is an integration constant and the factor of (d− 2) has been introduced for later
convenience.
Let us now assume that there exists a black hole solution to (4.2), with a horizon
located at r+ given by the ‘convenient’ root of f(r+) = 0. Computing the Iyer-Wald
entropy [34, 35]:
S = −2pi
∮
dd−2x
√
γhE
abcdεˆabεˆcd , E
abcd =
∂L
∂Rabcd
, (4.3)
where L is the Lagrangian density (see the appendix for the explicit form of Eabcd) and εˆab
is the binormal to the horizon, we find
S =
A
4G
[
1− 4λ
r4+
d− 3
2d− 1
(
8pir+(d
2 + 5d− 15)(kT + pir+T 2)
−(d− 4)(4d
3 − 33d2 + 127d− 166)k2
16
)]
, (4.4)
where A is the area of the event horizon in d-dimensions and T = f ′(r+)/(4pi) is the Hawk-
ing temperature. This result reduces to the expression for the Einsteinian cubic gravity
in four dimensions [20, 32]. It is a distinguishing feature of the theory including Sd that
the Iyer-Wald entropy includes terms proportional to f ′(r+): these terms are not present
in Lovelock and quasi-topological theories. Here we have substituted the temperature for
these factors, since expressing f ′(r+) in terms of r+ involves solving a complicated cubic
polynomial (see Eq. (4.14) below).
We have attempted to solve the field equations exactly in various dimensions without
success—except in the trivial case C = 0 which then corresponds to a maximally symmet-
ric spacetime. Therefore to study the black hole solutions we work perturbatively. For
convenience, in the present work we shall restrict to the case of asymptotic flatness, though
extensions to other maximally symmetric asymptotics is in progress [33]. In what follows
we shall keep factors of k visible since they serve as useful accounting devices and make
the generalization to AdS asymptotics easier, setting k = 1 at the end of the calculation.
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Let us first consider the asymptotic behaviour, r →∞, treating the λ terms as a small
correction. We expand the metric function as
f(r) = k − C
rd−3
+  h(r) , (4.5)
where  is a parameter used to control the order of h(r), whose contribution is assumed to
be small. We substitute this into Eq. (4.2) and keep terms to order , i.e. linear in h(r),
and then set  = 1. This leads to a second order inhomogeneous differential equation for
h(r) which we do not write explicitly here for brevity. A particular solution, to first order
in λ, takes the form,
hp(r) = −2686k
3λ
65r4
δd,7 +
(d− 3)λC2
(2d− 1)
[
−2(d− 1)
2(d2 + 5d− 15)k
r2d−2
+
(4d4 − 3d3 + 141d2 − 506d+ 224)C
4r3d−5
]
+O
(
λ2C
r2d−2
δd,7 +
λ2C3
r3d−1
)
. (4.6)
The presence of the Kronecker delta term for seven dimensions is a curious feature rem-
iniscent of Chern–Simons gravity [36]. This term will appear in the mass for the seven
dimensional black holes, ensuring that the mass vanishes when the horizon radius van-
ishes, as we shall see in a moment. The homogeneous equation reads
h′′h −
2
r
h′h − ω2rd−1hh = 0 , (4.7)
where
ω2 =
(2d− 1)(d− 2)
4k(d− 1)(d− 3)(d2 + 5d− 15)Cλ . (4.8)
While this equation admits an exact solution in terms of Bessel functions, the relevant
details can be captured through an approximate solution for large r. In this limit, the
dominant contribution will come from the third term above, and so the first derivative
term can be neglected. Under this approximation, the solution takes the approximate
form3
hh(r) ≈ A exp
(
ωr(d+1)/2
d+ 1
)
+B exp
(
−ωr
(d+1)/2
d+ 1
)
. (4.9)
Asymptotic flatness demands that A = 0, so we are left with the leading order correction,
h(r) ≈ hp(r) +B exp
(
−ωr
(d+1)/2
d+ 1
)
. (4.10)
Since the homogeneous solution is exponentially suppressed, we are justified in dropping it
and considering only the particular solution as the correction. The presence of the decaying
exponential is reminiscent of the Yukawa-type terms which appear in theories containing
a massive graviton [37]. From the linear analysis in the previous section, we know that
this theory does not propagate such massive modes on the vacuum—and, indeed, the term
vanishes at large r. However, nothing prevents the appearance of these exponential terms
3Note that a more careful analysis is required in the cases where ω2 < 0.
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on different backgrounds, but note that the falloff is in fact much stronger than the standard
Yukawa potential.
We can now compute the ADM mass, which in the asymptotically flat case (with
k = 1) is simply given by [38]
M =
d− 2
16piG
ω(k)d−2 lim
r→∞ r
d−3(k − gtt) = d− 2
16piG
ω(k)d−2
[
C +
2686kλ
65
δd,7
]
, (4.11)
where ωd−2 is the volume of the space with line element dΣ(k)d−2; for k = 1 this is simply
the volume of a unit sphere in (d− 2)-dimensions.
Next, to characterize the behaviour near the horizon, we proceed by expanding the
metric function as
f(r) = 4piT (r − r+) +
∑
i=2
an(r − r+)n , (4.12)
where T = f ′(r+)/(4pi) is the Hawking temperature. We substitute this ansatz into the
field equation (4.2) and demand a solution order by order in (r − r+). This produces, to
second order, the following two constraints:
(d− 2)C = (d− 2)krd−3+ −
2686
13
λkδd,7 − λ(d− 3)
2d− 1 ×
×
[
−k(d− 4)(129− 192d+
357
4 d
2 − 574 d3 + d4)rd−7+
3
+(d2 + 5d− 15)(64kpi2rd−5+ + 2563 pi3Trd−4+ )T 2] , (4.13)
0 = (d− 2)(d− 3)krd−4+ − 4(d− 2)rd−3+ piT −
λ
2d− 1 ×
×
[
− k
12
(d− 3) (d− 4) (d− 7) (516− 768d+ 357d2 − 57d3 + 4d4) rd−8+
−128
3
pi3 (d− 4) (d− 3) (d2 + 5 d− 15) rd−5+ T 3
−64pi2(d− 3)(d− 5) (d2 + 5 d− 15) krd−6+ T 2
+ (d− 3) (d− 4) (d− 6)pi (4d3 − 33d2 + 127d− 166) k2rd−7+ T] . (4.14)
These two equations allow one to determine C (the mass) and T in terms of the horizon
radius, r+. Despite the fact that the above two equations arise from a series expansion near
the horizon, we emphasize that the resulting expressions for the temperature and mass are
exact. Furthermore, the second equation, which determines the temperature, is a cubic
equation; however only one of the roots will have a smooth λ → 0 limit. It is this root
which we consider in further analysis.
Although we have carried factors of k to serve as accounting devices, we now set k = 1
and determine if the first law of thermodynamics holds for the spherical, asymptotically
flat black holes. It is easiest to work with the expressions implicitly rather than attempting
to solve the second equation for T . To this end, C can be traded in the first equation for
the corresponding expression for the mass given in (4.11). Varying both M and S with
respect to r+, we find that the first law of black hole thermodynamics
δM = TδS (4.15)
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is satisfied. Since we have computed the mass, entropy and temperature all independently,
the fact that the first law holds provides a valuable check of our calculations.
One can also proceed to solve the field equation (4.2) numerically: effectively joining
the near horizon solution (4.12) to the asymptotic solution (4.10). In practice, one must
compute the near horizon solution to higher order than we have done in Eq. (4.13), where
only the first two terms were presented. At order (r − r+)3, it is found that both a2 and
a3 appear, with the latter appearing linearly. Thus, a3 can be solved for in terms of a2.
This continues to arbitrary order, where at order (r − r+)n one can obtain an in terms of
the previous coefficients. Thus the near horizon solution is characterized by a single free
parameter, a2. More explicitly we have
a2 =
f ′′(r+)
2
= −(d− 2)(d− 3)
r2+
[1 + δ] (4.16)
where δ characterizes the deviation from the ordinary Schwarzschild solution, characterized
by δ = 0. To obtain the numerical solution, we first evaluated the near horizon series
approximation close to the horizon. In our calculations we have kept terms up to order4
(r − r+)12. In practice, δ must be chosen very carefully to ensure consistency with the
boundary condition f(r →∞) = 1. We employed the shooting method to determine δ and
found that determining δ to approximately fifteen significant digits is sufficient to integrate
the solution to approximately ten times the horizon radius. At this point, the large r series
approximation becomes valid, and the solution can be continued to infinity in this way.
Figure 1. Numerical solutions (color online). Left : d = 4. The black curve corresponds to the
Schwarzschild solution. The green, red and blue curves correspond to λ/C4d=4 ≈ 0.034, 0.237, 0.711,
respectively. Right : d = 5. The black curve corresponds to the five dimensional Schwarzschild
solution. The green, red and blue curves correspond to λ/C2d=5 ≈ 0.040, 0.321, 6.822, respectively.
The results of our numerical investigation are presented in Fig. 1, where we display
the solutions for four and five dimensions for various values of λ, made dimensionless via
4This number of terms is on the excessive side, but the computation of the near horizon solution is easily
automated, so keeping many terms in the expansion comes at no extra effort.
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powers of C. This demonstrates that it is possible to join the near horizon solution to the
asymptotic expansion, confirming that asymptotically flat black holes are indeed solutions
of the theory. In general, stronger cubic coupling tends to push the horizon outward
relative to the Schwarzschild case. Note that, in the four dimensional case, the presence
of the higher curvature terms softens the singularity: the Kretchmann scalar still diverges,
but there is no metric singularity as r → 0 [21]. Of course, there remains much more to
elucidate about the properties of these black holes, including the addition of matter as well
as the study of AdS asymptotics and horizons of different topologies, but we shall leave
this for future work.
5 Conclusions
We have studied gravitational actions containing terms up to cubic order in curvature
in all dimensions and determined which of these theories admit natural extensions of the
Schwarzschild solution, that is, admit a vacuum static spherically symmetric solution which
can be characterized in terms of a single metric function. We have demonstrated that to
cubic order the most general theory having this property takes the form (1.3), where we
identified a new term Sd, which has been overlooked in the literature to date. This term
has the remarkable property that it gives rise to a field equation that is a total derivative.
Therefore, in vacuum or in the presence of suitable matter (such as a Maxwell field), the
equations of motion can be easily integrated once, resulting in the metric function satisfying
a (nonlinear) second order differential equation.
We have also found the unexpected result that this class of theories has linearized
equations of motion which are second order on a maximally symmetric background. Fur-
ther, the linearized equations on such a background coincide—up to an overall factor—with
the linear Einstein equations on the same background. As a result, the theory propagates
only the massless, spin-2 graviton with the additional massive spin-2 and scalar modes ab-
sent. It seems that such a feature is a necessary (but not sufficient) condition for a theory
to permit a static, spherically symmetric solution described by a single metric function.
Though we have not found a rigorous proof of this result, we expect it to hold in higher
order gravities as well. Proving or disproving this statement is an interesting problem for
future work.
Regarding the new theory arising from Sd, there remain a number of questions to
address. First, while we have shown that the theory admits a Schwarzschild-like VSSS so-
lutions, an interesting open question is whether the assumption on staticity can be relaxed;
that is, does the Birkhoff theorem work for this theory, similar to Lovelock and quasitopo-
logical gravities [26, 27, 39]? Second, it should be possible to study black hole solutions
which are asymptotic to AdS and study their extended thermodynamics [40]. Coupling
the theory to Maxwell or scalar fields [41] could lead to further examples of new, novel
phase transitions such as the recently discovered superfluid-like transition [42]. It should
also be possible to cast the theory in terms of horizon thermodynamics [43], at least for
a certain class of matter actions, e.g. a Maxwell field. Furthermore, since the linearized
– 14 –
equations coincide with the linearized Einstein equations, it should be possible to perform
holographic studies of the theory, importing techniques which are now well developed [14].
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A Field equations
In this appendix we present the full non-linear field equations for the theory (3.1) minimally
coupled to matter:
I = 1
16piG
∫
ddx
√−g
(
R− 2Λ− λSd
)
+ Imatter . (A.1)
The corresponding field equations can be most conveniently written in the following form:
Eab = EacdeRbcde − 1
2
gabL − 2∇c∇dEacdb = 8piGTab , (A.2)
where
Eabcd =
∂L
∂Rabcd
(A.3)
is a complicated expression, given by
Eabcd =
1
2
[gacgbd − gadgbc]− λ
(d− 2)(2d− 1)
[
(4d2 + 9d− 30) (RadRbc −RacRbd)
+ (2d2 − 35d+ 66) (gadRbeRce − gbdRaeRce + gbcRaeRde − gacRbeRde)
+
(4d2 − 21d+ 34)
2
{
(gacgbd − gadgbc)RefRef + (gbd Rac − gbcRad − gadRbc + gacRbd)R
}
− 4d
2 − 13d+ 30
8
(gacgbd − gadgbc)R2
− 4d
2 − 29d+ 38
8
{
4RRabcd − (gacgbd − gadgbc)RefhiRefhi
}
+Rd
eRabce −RceRabde +RbeRaecd −RaeRbecd − 21RaedfRbecf + 21RaecfRbedf
+ (4d2 + 9d− 30)
(
gbcR
efRaedf − gbdRefRaecf + gadRefRbecf − gacRefRbedf
)
+
1
2
gbdRa
efhRcefh − 1
2
gadRb
efhRcefh − 1
2
gbcRa
efhRdefh +
1
2
gac Rb
efhRdefh
]
.
(A.4)
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Due to the diffeomorphism invariance of the Lagrangian, the generalized Einstein tensor
Eab satisfies a Bianchi identity,
∇aEab = 0 . (A.5)
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